It is well known that the Faraday rotation (FR) is obviously embedded in spaceborne polarimetric synthetic aperture radar (PolSAR) data at L-band and lower frequencies. By model inversion, some widely used FR angle estimators have been proposed for compensation and provide a new field in high-resolution ionospheric soundings. However, as an integrated product of electron density and the parallel component of the magnetic field, FR angle measurements/observations demonstrate the ability to characterize horizontal ionosphere. In order to make a general study of ionospheric structure, this paper reconstructs the electron density distribution based on a modified two-dimensional computerized ionospheric tomography (CIT) technique, where the FR angles, rather than the total electron content (TEC), are regarded as the input. By using the full-pol (full polarimetric) data of Phase Array L-band Synthetic Aperture Radar (PALSAR) on board Advanced Land Observing Satellite (ALOS), International Reference Ionosphere (IRI) and International Geomagnetic Reference Field (IGRF) models, numerical simulations corresponding to different FR estimators and SAR scenes are made to validate the proposed technique. In simulations, the imaging of kilometer-scale ionospheric disturbances, a spatial scale that is rarely detectable by CIT using GPS, is presented. In addition, the ionospheric reconstruction using SAR polarimetric information does not require strong point targets within a SAR scene, which is necessary for CIT using SAR imaging information. Finally, the effects of system errors including noise, channel imbalance and crosstalk on the reconstruction results are also analyzed to show the applicability of CIT based on spaceborne full-pol SAR data.
Introduction
Due to the dispersive nature of ionosphere and the existence of Earth's magnetic field, the polarization rotation of a linearly polarized wave will occur after traveling through the ionosphere. This phenomenon is known as Faraday rotation (FR) and depends on the frequency, the electron density, the Earth's magnetic field, and the geometry of observation [1] . For spaceborne polarimetric synthetic aperture radar (PolSAR) systems at L-band and lower frequencies, FR will distort the scattering matrix (i.e., complex backscattering coefficients in the four channels of PolSAR) and become a significant error source [2] . Thus for a space-borne PolSAR system, some mitigation techniques are required. 
where θ B is the angle between signal propagation direction and magnetic field, |B| is the magnitude of magnetic field, Ne is the electron density (unit is electrons·m −3 ), and f 0 is the frequency. We can see that Ω is inversely proportional to the square of the frequency and depends on the θ B , |B| and Ne along the path. For a full-pol SAR system at L-band or lower, all the linearly polarized waves in each channel will encounter the ionospheric effects. The measured scattering matrix can then be written as Rogers and Quegan [5] :
Here, N hh , N vh , N hv and N vv are the independent complex Gaussian noise in each measurement, S hh , S vh , S hv and S vv are the true scattering matrix, f 1 and f 2 denote the channel imbalance on receive and transmit, respectively δ 1 and δ 2 are the crosstalk on receive, and δ 3 and δ 4 are the crosstalk on transmit. In an ideal system, the noise and crosstalk are zero, and the channel imbalance is equal to 1, the covariance matrix can then be derived as follow as Freeman [2] 
where • and ( ) * represent averaging and conjugate, respectively. By assuming reflection symmetry,
Freeman [2] has proposed one FR estimator formulated as
where
cos 2 2Ω (5) and (•) denotes the real part. According to the off-diagonal terms of Equation (3), Chen and Quegan [4] proposed six further FR estimators, where the third one performs the best. This estimator can be written as
where (C 14 ) = (S hh S * vv ) cos 2Ω (C 13 + C 34 − C 12 − C 24 ) = 2 (S hh S * vv ) sin 2Ω
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Principle of the Proposed CIT Using FR Angles
For the traditional CIT reconstruction, the TEC value is first retrieved and regarded as the input parameter. The well-known multiplicative algebraic reconstruction technique (MART) using iterative scheme is then applied to reconstruct the true electron density distribution [16, 17, 30] . In the iterative scheme of MART, the electron density distribution obtained from IRI model is used as the initial value. However, for the proposed CIT based on the spaceborne PolSAR data, the FR angle, rather than TEC value, is first retrieved and regarded as the input. Correspondingly, the spatial distribution of the product of electron density and the magnitude of magnetic field are used as the initial value in iteration.
The map of the proposed two-dimensional CIT technique is shown in Figure 1 , where the annotations in red denote the main differences from traditional CIT due to the consideration of magnetic field [28] . The magnetic field varies in altitude and azimuth directions. The whole ionosphere region of interest is subdivided into H grids, where the product of electron density and magnetic field, rather than only electron density for traditional CIT, are constant in each grid. It is assumed that the whole synthetic aperture of PolSAR is divided into L sub-apertures and corresponding sampling position is located at the center of each sub-aperture. For traditional CIT simulations based on GPS [14] [15] [16] [17] , a set of ground-based receiver stations are required. At each sampling position of GPS, different TEC values corresponding to different receiver stations can then be obtained. From Figure 1 , the explored ground scene is divided into K subimages, which is similar to the ground-based receiver. At one sub-aperture, by applying averaging within each subimage, the distorted scattering matrix can be measured and corresponding K FR angles values, which are assumed as the integration of the product of electron density and magnetic field from the sampling position to the center of each subimage, can be retrieved. That means there are K · L FR angle values in one CIT simulation. According to Equation (1) and Figure 1 , each FR value can then be estimated with a discrete sum, i.e.,
here, Ω p denotes the pth FR angles, Ne q and |B| q are the electron density and magnitude of magnetic field in grid point q, respectively. a pq and θ Bpq are the projection length and angle between the pth ray path and magnetic field in grid point q, respectively. It should be noted that θ Bpq is not considered in traditional CIT. Figure 1 shows that both Ne q and |B| q are constants in each grid point, and both a pq Remote Sens. 2017, 9, 1169 5 of 22 and θ Bpq are relative to the geometry of ray path. Thus, Ne q and |B| q as well as a pq and θ Bpq can be regarded as a whole. The iterative equation is then written as 
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Magnetic Field R a n g e Figure 1 . Map of two-dimensional CIT using FR angles. 
Equation (11) means the (l + 1)th iterative result of Ne B in grid q.
• , • , and ( )
T
• denotes the inner product, norm, and transposition, respectively. k λ is the relaxation factor and is set to 0.5, and 0 1.27 GHz f = . The initial distribution of electron density and the magnetic field are derived from IRI and IGRF models, respectively. When the values of all grids satisfy the terminating threshold after several iterations, i.e., the root-mean-square (RMS) of the difference of two adjacent iterations is smaller than a specified value will be reconstructed. It should be noted that the true magnetic field can be accurately obtained from Figure 1 . Map of two-dimensional CIT using FR angles.
Equation (11) means the (l + 1)th iterative result of Ne|B| in grid q.
• , • , and (•) T denotes the inner product, norm, and transposition, respectively. λ k is the relaxation factor and is set to 0.5, and f 0 = 1.27 GHz. The initial distribution of electron density and the magnetic field are derived from IRI and IGRF models, respectively. When the values of all grids satisfy the terminating threshold after several iterations, i.e., the root-mean-square (RMS) of the difference of two adjacent iterations is smaller than a specified value ∆ξ = 1 × 10 8 electrons · m −3 , the final spatial distribution (Ne|B|) q_ f inal will be reconstructed. It should be noted that the true magnetic field can be accurately obtained from the IGRF model. That means during the process of iteration, |B| q is always unchanged and equal to the initial values. Thus, the final spatial distribution of Ne q_ f inal can further be obtained by removing the |B| q in (Ne|B|) q_ f inal . Above processes of the proposed CIT technique are also shown in the flowchart in Figure 2 . 
Error Analysis of the Proposed CIT Technique
In order to analyze the effects of system errors (system noise, channel phase/amplitude imbalance, and crosstalk) on the proposed CIT individually, the semi-physical simulations using synthetic data of calibrated PALSAR full-pol data, IRI and IGRF models are required. In numerical simulations, two calibrated PALSAR full-pol data sets with different scattering types are used, namely, one from an area near Changbai Mountain (42.17°N, 128.0°E) acquired on 3 December 2007 
In order to analyze the effects of system errors (system noise, channel phase/amplitude imbalance, and crosstalk) on the proposed CIT individually, the semi-physical simulations using synthetic data of calibrated PALSAR full-pol data, IRI and IGRF models are required. In numerical simulations, two calibrated PALSAR full-pol data sets with different scattering types are used, namely, one from an area near Changbai Mountain (42. Figure 3 shows the corresponding Pauli false-color images [31] , and both data sets are composed of 1200 × 8000 pixels in range (x-axis) and azimuth directions (y-axis). N denotes geographical North. The resolutions are about 9.369 m and 3.557 m in range and azimuth directions, respectively. According to the operations in Figure 1 , we assume that during one CIT simulation, the whole orbiting length of PolSAR along the azimuth direction is about 120 km and has 75 sampling positions (N = 75). The reconstructed area of the ionosphere is set to 80 km long and 204-400 km along azimuth and altitude directions, respectively. Correspondingly, each grid spacing is set to 5 km and 2.5 km along altitude and azimuth directions, respectively. For the distribution of the electron density, two small-scale artificial disturbances are then embedded. This new distribution Ne q_true with ionospheric disturbances is regarded as the "true distribution" to be reconstructed and used for comparison, as shown in Figure 4 . On the ground, the imaging scene will be divided into 16 parts along azimuth direction, where each subimage is composed of 1200 × 500 pixels. Thus, according to the position of azimuth sampling, vectors of ray path and magnetic field, the a pq cos θ B pq can be calculated. By combining a pq cos θ B pq , Ne q_true and |B| q into Equation (10), the true Ω p_true corresponding to each ray path can further be determined. The scattering matrix measured for each ray path is then corrupted by the system errors and Ω p_true . 
CIT Reconstructions Under the Condition of System Noise
Assume the system noise and FR are the only errors, and the noise power in each channel is the
, the scattering matrix of Equation (2) can be written as
According to the process of CIT discussed above, we first evaluate the performances of the FR estimators, as shown in Tables 1-3 . The RMS error, bias and standard deviation (SD) are defined as
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where Ω p_re (Ω BB , Ω F or Ω C ) is the retrieved FR value corresponding to each ray path. The units of σ RMS , σ bias and σ sd are %. In addition, the signal-to-noise ratio (SNR) can be defined by Chen and Quegan [4] Table 2 . Bias (σ bias ) under the condition of system noise.
SNR (dB) Bias (%)
Changbai Qingdao Table 3 . SD (σ SD ) under the condition of system noise.
SNR (dB) SD (%)
Changbai Qingdao From Tables 1-3 , we can see that Ω C performs the best in Changbai while Ω BB is the preferred one in Qingdao. Thus, under the condition of noise, the choice of FR estimators in CIT depends on the scattering type. For Ω F , large errors are occurred in both SAR scenes. This is because the mean FR values Ω p_true in areas of Changbai and Qingdao are about 0.8 • and 1.45 • , respectively, and the Freeman's estimator is sensitivity to noise near Ω p_true = 0
• [5] .
Based on the results of Tables 1-3 , the final CIT reconstructions in Changbai (Ω C is applied) and Qingdao (Ω BB is applied) are shown in Figures 7 and 8 
CIT Reconstructions Under the Condition of Channel Imbalance
When the FR and channel phase/amplitude imbalance are considered, the scattering matrix can be written as (see Appendix B)
where the channel imbalances in the receiver and transmitter are assumed to be identical (i.e., f 1 = f 2 = f ) to simplify the analysis [2, 4, 32] . The effects of channel phase imbalance, i.e., f = 1 × exp(iφ), on the FR estimators are first evaluated under typical values [2, 5] . By using the full-pol data sets of Changbai and Qingdao, the results are shown in Tables 4-6. We can see that when the phase imbalance is the dominant error, Ω BB can perform the smallest RMS error and SD while Ω F has the smallest biases. Thus, in order to make a comparison, Ω BB and Ω F are respectively regarded as the input of CIT simulations. Table 6 . SD (σ SD ) under the condition of channel phase imbalance.
Channel Phase Imbalance ( • ) SD (%)
Changbai Qingdao and Ω BB in Changbai (i.e., Figure 11b ,d) are 6.78 × 10 9 electrons · m −3 and 6.25 × 10 9 electrons · m −3 , respectively. Similar, the RMS in Figure 12b ,d are 9.09 × 10 9 electrons · m −3 and 8.56 × 10 9 electrons · m −3 , respectively. Thus, it can be see that for all conditions, the results based on Ω BB are better than that based on Ω F , especially for large phase imbalance. 2.54 10 electro m ns − × ⋅ , respectively. We can see that both two FR estimators can maintain good performance and the two disturbances are clearly visible. However, the CIT errors become obvious when the phase imbalance is as large as 20°, as shown in Figures 11 and 12 . Here, the RMS based on Similarly, the effects of amplitude imbalance on the performances of FR estimators are shown in Tables 7-9 , where the magnitude f is less than 0.5 dB . We can see that under the conditions of amplitude imbalance, C Ω is the preferred estimator in CIT reconstructions. In addition, the statistical characters of C Ω are almost unchanged both in Changbai and Qingdao. This is because according to Equation (6) and Equation (15), C Ω becomes (see Appendix C)
1 arg cos 2 0.5 sin 2 2
thus, C Ω only depends on f . Similarly, the effects of amplitude imbalance on the performances of FR estimators are shown in Tables 7-9 , where the magnitude | f | is less than 0.5 dB. We can see that under the conditions of amplitude imbalance, Ω C is the preferred estimator in CIT reconstructions. In addition, the statistical characters of Ω C are almost unchanged both in Changbai and Qingdao. This is because according to Equation (6) and Equation (15), Ω C becomes (see Appendix C)
thus, Ω C only depends on | f |. Table 7 . RMS error (σ RMS ) under the condition of channel amplitude imbalance.
Channel Amplitude Imbalance (dB) RMS Error (%)
Changbai Qingdao Table 8 . Bias (σ bias ) under the condition of channel amplitude imbalance.
Channel Amplitude Imbalance (dB)

Bias (%)
Changbai Qingdao Table 9 . SD (σ SD ) under the condition of channel amplitude imbalance.
Channel Amplitude Imbalance (dB) SD (%)
Changbai Qingdao Figures 13a and 14a , the | f | is set to 0.1 dB. The RMS of corresponding absolute deviations in Figures 13b and 14b are 2 .07 × 10 9 electrons · m −3 and 2.42 × 10 9 electrons · m −3 , respectively. For Figures 13c and 14c , the | f | is set to 0.5 dB and the RMS in Figures 13d and 14d are 2.11 × 10 9 electrons · m −3 and 2.45 × 10 9 electrons · m −3 , respectively. From the results, we can see that the CIT reconstructions still performs well even if the | f | is as high as 0.5 dB. Thus, it can be concluded that compared with noise and phase imbalance, amplitude imbalance is not a problem for CIT reconstruction. 
CIT Reconstructions Under the Condition of Crosstalk
The last system error that should be considered is the crosstalk. Assuming δ 1 = δ 2 = δ 3 = δ 4 = δ for convenience [2, 4, 32] , the scattering matrix of Equation (2) [2, 5] . We can see that in area of Changbai, Ω F performs the best and can be applied in CIT reconstructions. However, by using the full-pol data of Qingdao, the error of Ω C is smaller than that of Ω F when the crosstalk is higher than −20 dB. Thus, if the crosstalk is the domain error, the choice of FR estimator in CIT depends on the scattering type and magnitude of crosstalk.
The Ω C should be applied in our CIT simulations of Qingdao when the crosstalk is equal to −15 dB and −20 dB, otherwise Ω F is the preferred estimator. Table 10 . RMS error (σ RMS ) under the condition of crosstalk.
Crosstalk (dB) RMS Error (%)
Changbai
Qingdao Table 11 . Bias (σ bias ) under the condition of crosstalk.
Crosstalk (dB)
Bias (%)
Changbai Qingdao Table 12 . SD (σ SD ) under the condition of crosstalk.
Crosstalk (dB) SD (%)
Changbai Qingdao When the crosstalk is set to −15 dB, Figures 15a and 16a show the CIT reconstructions in Changbai and Qingdao, respectively. The RMS of corresponding absolute deviations in Figures 15b and 16b are 5.96 × 10 9 electrons · m −3 and 4.98 × 10 9 electrons · m −3 , respectively. It can be seen that the small-scale distributions are difficult to be recognized in both areas when the crosstalk is as high as −15 dB, an extreme value. It should be noted that from the evaluations in Table 4 , the RMS error rapidly decreases with the decrease of crosstalk, which further improves the accurate of CIT reconstructions. Thus, the effect of crosstalk on the CIT is not serious in most conditions. Figures 15c and 16c show the CIT reconstructions when the crosstalk is set to −35 dB. We can see that significant improvements are demonstrated to clearly show the small-scale distributions. The deviations in Figures 15d and 16d 4.98 10 electro m ns − × ⋅ , respectively. It can be seen that the small-scale distributions are difficult to be recognized in both areas when the crosstalk is as high as 15 dB − , an extreme value. It should be noted that from the evaluations in Table 4 
CIT Reconstructions Under the Combination of System Errors
For a realistic situations of the PALSAR system, these calibration errors will appear together. Thus, in order to make a practical value for our CIT technique, the system errors (i.e., noise, channel imbalance and crosstalk) are all considered in this subsection. According to the calibration accuracy of the PALSAR system [32] , in simulations, we assume 15 dB SNR = , channel phase imbalance φ is 2°, channel amplitude imbalance f is 0.5 dB , and crosstalk δ is 35 dB − . Table 13 shows the 
For a realistic situations of the PALSAR system, these calibration errors will appear together. Thus, in order to make a practical value for our CIT technique, the system errors (i.e., noise, channel imbalance and crosstalk) are all considered in this subsection. According to the calibration accuracy of the PALSAR system [32] , in simulations, we assume SNR = 15 dB , channel phase imbalance φ is 2 • , channel amplitude imbalance | f | is 0.5 dB, and crosstalk δ is −35 dB. Table 13 shows the performances of FR estimators under the condition of joint errors, we can see that for the area of Changbai, Ω C will be the preferred estimator while Ω BB performs the best for the area of Qingdao. Figure 17a ,c shows the CIT reconstructions in Changbai (Ω C is used) and Qingdao (Ω BB is used), respectively. We can see that when the all system errors are considered, the true ionospehric distribution can still be accurately reconstructed based on the proposed CIT technique, and the two small-scale disturbances are clearly visible. The RMS of corresponding absolute deviations shown in Figure 17b ,d are 2.32 × 10 9 electrons · m −3 and 2.69 × 10 9 electrons · m −3 , respectively. Thus, we can see that after calibration of the PALSAR systems, the proposed CIT technique can give an accurate ionospheric reconstruction in consideration of the residual errors. 
Conclusions
The distribution of ionospheric electron density is an important part of solar-terrestrial space environment, which can demonstrate the solar and earth activities (magnetic storms, plasma bubbles, midlatitude troughs, ionospheric anomalies caused by earthquakes [8, 15] , etc.). Monitoring the ionospheric behaviors, especially small-scale ionospheric anomaly, based on the CIT technique is therefore beneficial to these studies. In order to obtain the electron density distribution with high resolution, a modified CIT technique based on the spaceborne PolSAR data is proposed in this paper, where the FR, rather than TEC, is regarded as the input. From the results in Section 4, small-scale 
The distribution of ionospheric electron density is an important part of solar-terrestrial space environment, which can demonstrate the solar and earth activities (magnetic storms, plasma bubbles, midlatitude troughs, ionospheric anomalies caused by earthquakes [8, 15] , etc.). Monitoring the ionospheric behaviors, especially small-scale ionospheric anomaly, based on the CIT technique is therefore beneficial to these studies. In order to obtain the electron density distribution with high resolution, a modified CIT technique based on the spaceborne PolSAR data is proposed in this paper, where the FR, rather than TEC, is regarded as the input. From the results in Section 4, small-scale distributions can be reconstructed by this proposed CIT technique due to the high spatial resolution of spaceborne SAR, which is inaccessible by conventionally used data source. However, the accuracy of FR retrieval will affect the final CIT reconstructions. The evaluations of three typical FR estimators considering different system errors and scattering types were made. Some conclusions are as follow:
(1) The effect of system noise on FR retrieval depends on both the scattering types and SNR.
According to the evaluations, Ω C and Ω BB are the optimal estimators of CIT in areas of Changbai and Qingdao, respectively. The performances of CIT in both areas are improved with the increase of SNR. The small-scale distributions are visible in reconstructions when SNR = −20 dB, a typical configuration for the PALSAR sensors. (2) For considering the effects of channel phase imbalance, Ω BB can give the smallest error both in areas of Changbai and Qingdao. From the simulation results, it can be seen that the CIT errors are sensitive to phase imbalance. For amplitude imbalance, Ω C should be applied. However, in contrast to phase imbalance and noise, the effects of amplitude imbalance on CIT is small. (3) The choice of FR estimator considering the crosstalk depends on both scattering types and magnitude of the crosstalk. When the crosstalk is as high as −15 dB, serious CIT reconstructions are shown. However, with the decrease of the crosstalk, the error of FR retrieval is sharply decreased. The effects of crosstalk on the CIT are limited when the crosstalk is equal to −35 dB.
In general, the main system effects on CIT are the noise and channel phase imbalance while channel amplitude imbalance and crosstalk can be ignored for most cases. According to the calibration accuracy of the PALSAR system, we evaluate the reconstructions when all the system errors are considered. Accurate results can still be obtained by the proposed CIT technique. It should be noted that we have analyzed other full-pol SAR scenes, and the same results are obtained. In addition, there are other factors that can affect the CIT reconstructions. For example, the lack of horizontal ray paths and the choice of initial distribution in iteration also degrade the accuracy of CIT [14, 15] . Combining of the PolSAR and occultation or ground-based ionosonde data can reduce these problems and will be done in our future work.
